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ABSTRACT
We calculate the synchrotron and inverse-Compton emissions from pairs formed in GRB afterglows from high-
energy photons (above 100 MeV), assuming a power-law photon spectrum Cν ∝ ν−2 and considering only the
pairs generated from primary high-energy photons. The essential properties of these pairs (number, minimal
energy, cooling energy, distribution with energy) and of their emission (peak flux, spectral breaks, spectral slope)
are set by the observables GeV fluence Φ(t) = Ft and spectrum, and by the Lorentz factor Γ and magnetic field
B of the source of high-energy photons, at observer-time t. Optical and X-ray pseudo–light-curves Fν(Γ) are
calculated for given B; proper synchrotron self-Compton light-curves are calculated by setting the dynamics Γ(t)
of the high-energy photons source to be that of a decelerating, relativistic shock. It is found that the emission from
pairs can accommodate the flux and decays of the optical flashes measured during the prompt (GRB) phase and
of the faster-decaying X-ray plateaus observed during the delayed (afterglow) phase. The brightest pair optical
emission is obtained for 100 < Γ < 500, and depends mostly on the GeV fluence, being independent of the source
redshift. Emission from pairs formed during the GRB phase offers an alternate explanation to reverse-shock
optical flashes. These two models may be distinguished based on their corresponding flux decay index–spectral
slope relations, different correlations with the LAT fluence, or through modeling of the afterglow multiwavelength
data.
Subject headings: radiation mechanisms: non-thermal, relativistic processes, shock waves, gamma-ray bursts
1. INTRODUCTION
The first Fermi-LAT GRB catalog (Ackermann et al 2013)
identifies a ”temporally extended” emission at 100 MeV–10
GeV for eight bursts, with four other having LAT detections
well after the end of the Fermi-GBM prompt phase. The LAT
emission of those eight afterglows peaks at 10–20 s after trig-
ger, having a fluenceΦ = 10−5±1 erg cm−2, followed by a flux
decay νFν ∝ t−1.3±0.3 until up to 1 ks, with a photon spectrum
Cν ∝ ν−2.1±0.2. The energetic output of those LAT afterglows,
E100MeV = 10
53±1 erg, is 10–100 percent of their GRB output
(at ∼ 1 MeV).
The condition of optical thinness to pair-formation for the
highest-energy LAT photons yields lower limits on the Lorentz
factor Γ of their source. Assuming that the prompt LAT emis-
sion has same origin as the GBM burst and using the burst vari-
ability timescale to determine the source radius, it was inferred
that Γgrb > 200 − 1000 (e.g. Abdo et al 2009). The general
lack of pair-formation signatures in the light-curves and spec-
tra of LAT afterglows indicates that the afterglow source also
has Γag > 200 (Panaitescu, Vestrand & Wozniak 2014), with a
detection bias against afterglows with Γ <∼ 75, for which pair-
formation attenuates the intrinsic afterglow emission too much
and the emergent afterglow is too dim to be detected by LAT.
In this work, we calculate the synchrotron and inverse-
Compton emission from pairs formed in LAT afterglows, in a
simplified set-up. The temporal and spectral properties of LAT
afterglows being consistent with those at lower photon energies
(optical and X-ray), indicates that the LAT emission arises in
the forward-shock driven by the GRB ejecta into the circum-
burst medium (Kumar & Barniol Duran 2009). An important
simplification is that we consider only the pairs formed behind
the forward-shock, whose energy distribution is set primarily
by the spectrum of the high-energy photons, and ignore the
pairs formed ahead of the forward-shock, whose energy is set
by their shock-acceleration (given that half of the emitted pho-
tons travel ahead of the forward-shock, it follows that a com-
parable number of pairs form behind and ahead of the shock).
For ease of calculating the number of pairs, we assume that
the single power-law spectrum of the high-energy LAT photons
extends well below 100 MeV and above 100 GeV, and that it
has a spectral index -2 (in photon number). Furthermore, we
consider only the pairs formed from high-energy photons for
which the photon front is optically thick to pair-formation. An-
other simplification made is that the threshold energy for pair-
formation is set only by the relativistic collimation of the seed
LAT photons, i.e. we ignore the scattering/decollimation of the
high-energy photons by the already formed pairs.
Section §2 calculates the number of pairs with the above ap-
proximations, and their minimal energy in the shock frame; §3
presents the calculation of the spectral breaks of the pair emis-
sion, the regions in the nb − Γ corresponding to various order-
ings of the spectral breaks being identified in §4. The calcula-
tion of the received synchrotron self-Compton emission, taking
into account synchrotron self-absorption, radiative cooling, first
inverse-Compton scattering if the optical thickness to scattering
by pairs is τ < 1, and higher orders inverse-Compton if τ > 1,
is presented in §5. Optical and X-ray pair light-curves are dis-
cussed in §6.
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22. NUMBER OF PAIRS AND THEIR DISTRIBUTION WITH ENERGY
A photon of observer-frame energy εMeV forms a pair when
interacting with another photon of energy above the source-
frame threshold
ǫt(ε) =
4Γ2(mec
2)2
(z + 1)ε
= 35Z−1Γ
2
2
ε8
MeV (1)
with Γ the Lorentz factor of the source that produced both pho-
tons, and using the notations
Xn =
X(cgs)
10n
, Z ≡ z + 1
3
(2)
For an afterglow fluence Φ at 0.1–10 GeV, with a photon-
number distribution with energy Cε ∝ ε−2, the number of pho-
tons with energy above ǫ is
Nγ(> ǫ) =
4πd2l
z + 1
Φ
4.6 ǫ
= 1.14× 1056Z3Φ−5
ǫ8
(3)
where dl = 5.1027(z + 1)2 cm is the luminosity distance for
redshift z. Thus, the number of photons above the threshold
energy ǫt is
Nγ [> ǫt(ε)] = 3.3× 1056Z4Φ−5
Γ22
ε8 (4)
A relativistic source moving at constant Γ has radius
R =
4
3
ct
z + 1
Γ2 (5)
at observer-frame time t, the factor 4/3 corresponding to pho-
tons emitted from the ”edge” of the source, i.e. from the fluid
flowing at an angle Γ−1 relative to the direction toward the ob-
server. Thus, the optical thickness to pair-formation for a ε
photon is
τγγ(ε) = σ¯γγ
Nγ [> ǫt(ε)]
4πR2
= 1.8Z6Φ−5
Γ62t
2
1
ε8 (6)
where σ¯γγ = 0.18σe is the pair-formation cross-section aver-
aged over the ε−2 photon distribution and σe is the lepton scat-
tering cross-section. Thus, the afterglow photon front is opti-
cally thick to pair-formation (τγγ > 1) for photons of energy
above
ε± = 56Z−6Γ
6
2t
2
1
Φ−5
MeV (7)
We approximate the number of pairs formed as that of pho-
tons with energy ε > ε±. A fraction τγγ(ε) < 1 of the pho-
tons with ε < ε± also form pairs; these pairs are roughly a
factor ln(ε±/εm) > 1 more numerous than those for which
τγγ(ε) > 1, ε± being the peak energy of the νFν LAT spec-
trum. This approximation is made for two reasons. One is
to avoid carrying unknown observables – εm and the spectral
slope below that peak – in the following calculations, the other
is to work with a single power-law pair distribution with energy.
The ensuing underestimation of the true pair number increases
with Γ because ε± ∝ Γ6. However, for high Lorentz factors,
pairs are cooling much faster than they are created, and only
the pairs formed from photons with ε > ε± radiate synchrotron
emission at the frequencies of interest (optical and X-rays).
Given that each photon with energy above ε± yields two lep-
tons (an electron and a positron), it follows that the number of
leptons formed is
N = 2Nγ(> ǫ±) = 1.34× 1056Z8
Φ2−5
Γ62t
2
1
(8)
The above results hold when the pair-formation threshold en-
ergy for ε± photons
εt(ε±) = 21Z4Φ−5
Γ42t
2
1
MeV (9)
is below ε±, i.e. when there are enough absorbing photons
above εt(ε±). The condition εt(ε±) = ε± defines a Lorentz
factor
Γc ≡ 91Z
Φ0.2−5
t0.41
(10)
such that εt(ε±) < ε± for Γ > Γc.
For Γ < Γc, we have εt(ε±) > ε±, i.e. there there are fewer
photons above εt(ε±) than above ε± and, consequently, not all
photons above ε± can form pairs, even though τγγ(ε±) > 1. In
this case, the energy ε± above which all photons form pairs is
given by εt(ε±) = ε±. Then, equation (1) leads to
ε± = εt(ε±) =
2Γmec
2
z + 1
= 34Z−1Γ2 MeV (Γ < Γc)
(11)
Because the ε± form pairs mostly with other ε± photons, the
number of leptons formed is just the number of photon with
energy above ε±:
N = Nγ(> ǫ±) = 1.11× 1056Z3Φ−5
Γ2
(Γ < Γc) (12)
using equation (3).
Most pairs form at threshold, with a typical lab-frame energy
γmec
2 = (z + 1)[ε+ εt(ε)]/2, thus
γmec
2 ≃ (z + 1)
{
ε [Γ < Γc, ε = εt(ε)]
ε/2 [Γ≫ Γc, ε≫ εt(ε)] (13)
This approximate one-to-one correspondence between the ab-
sorbed photon energy and the electron-positron pair energy im-
plies that the distribution with energy of pairs is that of the high-
energy photons
dN
dγ
(> γi) ∝ γ−2 (14)
The above pair distribution with energy holds above a shock-
frame energy γ′i that can be determined from the pair lab-frame
energy γi corresponding to the minimum energy (z + 1)ε±
above which all photons form pairs, and from the angle θ±
at which the pairs move (in the lab-frame) relative to the ra-
dial direction of shock’s motion. Taking into account that the
high-energy photons are collimated (by the relativistic motion
of their source, the shock) within an angle θγ ≃ Γ−1 of the
radial direction, it follows that i) the center-of-momentum of
the colliding photons moves at angle θcm ∼ Γ−1 relative to
the radial direction and ii) the pairs emerge at a typical angle
θout = (εεt)
1/2/[Γ(ε+ εt)] relative to the direction of motion
of the center-of-momentum. In the lab-frame, the emerging pair
3moves at an angle θ± ≃ max(θcm, θout) relative to the shock’s
direction of motion.
For Γ < Γc, we have ε± = εt(ε±), thus θout = 1/(2Γ),
from where θ± ≃ θcm ≃ Γ−1, which implies that, in the
shock-frame (moving outward at Lorentz factor Γ), the mini-
mal pair energy is γ′i ≃ γi/Γ. From equations (11) and (13),
γimec
2 = (z + 1)ε± = 2Γmec
2
, thus
γ′i = 2 (Γ < Γc) (15)
For Γ ≫ Γc: ε± ≫ εt(ε±), thus θout ≃ (εt/ε±)1/2/Γ ≪
Γ−1, from where θ± ≃ θcm ≃ Γ−1, which implies that
γ′i ≃ γi/Γ, as for Γ < Γc. From equation (13), γimec2 =
(z + 1)ε±/2, which, together with equation (7), leads to
γ′i =
(z + 1)ε±
2Γmec2
= 1.6Z−5Γ
5
2t
2
1
Φ−5
=
(
Γ
Γc
)5
(Γ≫ Γc)
(16)
3. SYNCHROTRON AND INVERSE-COMPTON SPECTRAL
CHARACTERISTICS
For a power-law distribution with energy of the radiating par-
ticles, the synchrotron spectrum is a sequence of power-laws
with breaks at frequencies
νi,a,c =
e
2mec
γ2iBΓ
z + 1
= 3.0× 108Z−1γ2i,a,cB0Γ2 Hz (17)
where γ is the pair random Lorentz factor in the shock’s frame
(prime notation dropped). νi is the injection frequency corre-
sponding to the γi (equations 15 and 16). νa is the synchrotron
self-absorption frequency and νc is the cooling frequency; both
are calculated below.
B is the magnetic field in the forward-shock, parametrized by
the fraction b of the post-shock energy density u′ = Γn′mpc2
that it contains (u′B = B2/8π), with n′ = 4Γn the post-shock
proton density and n the external medium proton density at the
location R(t) of the forward-shock. Thus
B = (32πbΓ2nmpc
2)1/2 = 39 (nb)1/2Γ2 G (18)
The synchrotron and inverse-Compton emissions depend on n
and b only through the product nb.
The continuous creation of pairs in the shocked medium,
with the power-law distribution given in equation (14), and their
radiative cooling leads to an effective pair distribution with en-
ergy
dN
dγ
∝
{
γ−2 (γp < γ < γb)
γ−3 (γb < γ)
(19)
with
γp ≡ min(γi, γc) , γb ≡ max(γi, γc) (20)
where γc is the pair cooling Lorentz factor, defined as the en-
ergy to which a pair cools on the dynamical timescale t′d =
R/(cΓ) = (4/3)Γ[t/(z + 1)]. The pair number N and mini-
mum Lorentz factor γi change on a dynamical timescale.
Pairs created with an energy γmec2 in the shock-frame cool
radiatively at power P ′(γ) = (4/3)σec(B2/8π)(Y + 1)γ2 ≡
crγ
2
, where Y is the Compton parameter (the inverse-Compton
to synchrotron power ratio). Integrating the equation for pair
cooling, crγ2 = −d(γmec2)/dt′, one obtains that a pair of
high initial energy reaches a random Lorentz factor γ(t′) =
mec
2/crt
′ after a time t′ since its creation. Therefore, the cool-
ing Lorentz factor is γc ≡ γ(t′d) = mec2/crt′d
γc =
9π
2
(z + 1)
mec
σe
1
ΓtB2(Y + 1)
(21)
γc =
1150Z
(nb)t1Γ32
1
Y +Θ(γc − γa) (22)
where Θ(x) = 0 for x < 0, Θ(x) = 1 for x > 0, and γa is
the random Lorentz factor of the pairs that radiate at the syn-
chrotron self-absorption frequency νa (see below). Equation
(22) approximates the effect of synchrotron self-absorption by
switching off synchrotron cooling when γc has decreased to γa.
After that, the radiative cooling continues only through inverse-
Compton scatterings. This means that, if γc calculated from
equation (22) for Y < 1 and Θ = 0 is larger than γa, then the
correct cooling Lorentz factor is γc <∼ γa.
From equation (6.53) of Rybicki & Lightman (1979)
for the synchrotron self-absorption coefficient for a power-
law distribution of particles, it can be shown that the pair
optical-thickness to self-absorption at the peak energy νp =
min(νi, νc) of the intrinsic synchrotron spectrum Fν is
τp =
5eτ
σeBγ5p
= 3.6× 1015 τ
B0γ5p
(23)
where
τ =
σeN
4πR2
(24)
is the pair optical-thickness to photon scattering. For the pair
distribution given in equation (19), the optical-thickness to self-
absorption at frequency ν is
τa(ν) = τp


(νp
ν
)5/3
(ν < νp)(νp
ν
)3
(νp < ν < νb)(
νp
νb
)3 (νb
ν
)7/2
(νb < ν)
(25)
where νb = max(νp, νc). From here, the self-absorption fre-
quency νa defined by τa(νa) = 1 has a corresponding pair
Lorentz factor γa given by
γa =


γpτ
3/10
p (γa < γp)
γpτ
1/6
p (γp < γa < γb)(
γ6pγbτp
)1/7
(γb < γa)
(26)
The Compton parameter Y is the ratio of the pairs energy
output in inverse-Compton emission to that in synchrotron,
hence Y = Pic/Psy = u′sy/u′B, where u′sy is the energy den-
sity of the synchrotron photons received by a scattering lep-
ton. Synchrotron self-absorption reduces u′sy because pho-
tons of energy less than hνa are absorbed before being scat-
tered. However, that reduction is not substantial for the par-
ticle distribution given in equation (19) because most of the
synchrotron energetic output is at frequencies above νa, for
which the pairs medium is transparent (to self-absorption): i)
for νa < νmax with νmax ≡ max(νi, νc), the synchrotron out-
put above νa is νFν ∝ ν1/2 at ν < νmax and νFν ∝ ν0
at νmax < ν, thus all the synchrotron output is above νa; ii)
4for νmax < νa, the synchrotron output is νFν ∝ ν7/2 for
νmax < ν < νa and νFν ∝ ν0 at νa < ν, hence the re-
duction of the synchrotron output due to self-absorption is a
factor ln(νbr/νa)/ ln(νbr/νmax) with νbr the high-energy end
of the otherwise diverging Fν(> νmax) ∝ ν−1 synchrotron
spectrum, thus the reduction is of order unity for νbr ≫ νa.
For a single photon scattering, the ratio u′sy/u′B is the prod-
uct of (4/3)γ2 (the average increase in photon energy due to
scattering) and the fraction min(τ, 1) of photons that are up-
scattered. γ2 ≃ γiγc for the pair distribution of equation (19),
thus
Y1 =
4
3
γiγcmin(τ, 1) (27)
for the first scattering.
In the lab-frame, the relative velocity between a photon
(moving at c) and the pair-front (moving at Lorentz factor Γ)
is vr = c/(2Γ2), thus the photon crosses the pair-front of ge-
ometrical thickness ∆ = R/(2Γ2) in a time t+ = ∆/vr =
R/c = td. This means that, for τ < 1, only the first scattering
takes place within a dynamical timescale td, and higher order
scatterings occur on a longer timescale. Because the effective
pair distribution with energy is that resulting from pair creation
and cooling over one td, higher order scatterings (taking longer
than td) are ignored for τ < 1. However, higher order scatter-
ings should be considered for τ > 1 because, in that case, the
time between scatterings is less than td.
4. REGIONS IN THE (nb− Γ) PARAMETER SPACE
To obtain the pair synchrotron self-Compton emission at
some observing frequency ν, one must calculate first the spec-
tral breaks of the previous section. The calculation of the in-
jection break νi is trivial, the analytical expression of the cool-
ing break νc depends on whether the Compton parameter Y is
below or above unity, that of Y depends on whether the pair
optical thickness τ is above/below unity. In general, the self-
absorption break νa is not needed for the synchrotron emis-
sion, as the optical thickness to self-absorption τa(ν) suffices.
However, the location of νa relative to νc is useful for the cal-
culation of νc when Y < 1 (see equation 22), and is required
for determining the upscattered absorption break of the inverse-
Compton spectrum.
Given the observables Φ, t, and z, all quantities needed de-
pend on only two parameters: nb and Γ. The conditions τ = 1,
Y = 1, and γc = 1 define lines in this nb − Γ plane while the
equality of two spectral breaks defines boundaries. Expressions
for these lines and boundaries are derived below and are useful
for a correct calculation of the synchrotron/inverse-Compton
spectral breaks and of the peak flux for each spectral compo-
nent.
The first separation of the nb−Γ plane is provided by Γ = Γc
(equation 10), across which N changes from equation (8) to
(12) and γi from equation (15) to (16). A similarly simple sep-
aration is provided by the condition τ = 1. Using equations (5),
(8), (12), and (24), the pair optical-thickness to photon scatter-
ing is
τ =
{
3.3Z5Φ−5t−21 Γ−52 Γ < Γc
4.0Z10Φ2−5t−41 Γ−102 Γc ≪ Γ
(28)
which, after using equation (10), can be written as
τ =
σe
σ¯γγ
{
(Γc/Γ)
5 Γ < Γc
2(Γc/Γ)
10 Γc ≪ Γ (29)
This implies that τ < 1 for Γ > Γτ where
Γτ ≡
(
2σe
σ¯γγ
)1/10
Γc = 1.27 Γc = 115Z
Φ0.2−5
t0.41
(30)
The extrapolations of the Γ < Γc and Γ ≫ Γc branches of
equations (16) and (29) intersect at Γ˜c ≡ 21/5Γc for both equa-
tions. For that reason, we approximate them by
τ =
σe
2σ¯γγ
{
(Γ˜c/Γ)
5 Γ < Γ˜c
(Γ˜c/Γ)
10 Γ˜c < Γ
(31)
γi =
{
2 (Γ < Γ˜c)
2(Γ/Γ˜c)
5 (Γ˜c < Γ)
Γ˜c ≡ 104Z
Φ0.2−5
t0.41
(32)
The range Γ˜c < Γ < Γτ , where γi > 2 and τ > 1, is narrow,
its 10 percent extent in Γ corresponding to a 30 percent increase
in observer time, for a shock decelerating as Γ ∝ t−3/8 (homo-
geneous external medium), i.e. it lasts less than one dynamical
timescale.
4.1. Optically-thin pairs: Γ > Γτ
Equation (27) is simply
Y =
4
3
γiγcτ(= Y1) (33)
retaining only the first scattering, together with equation (22)
leading to
Y (Y + 1) =
(nb)Y
nb
, (nb)Y ≡ 104Z6Φ−5
t31
Γ−82 (34)
The line nb = (nb)Y separates the nb−Γ plane in two regions,
with Y < 1 for nb > (nb)Y and Y > 1 for nb < (nb)Y (see
Figure 1).
4.1.1. nb < (nb)Y (iC cooling)
In this case Y > 1, and equations (22) and (34) yield
γc = 11Z−2
(
t1Γ
2
2
(nb)Φ−5
)1/2
, Y ≃
(
(nb)Y
nb
)1/2
(35)
(τ < 1, Y > 1, γc > 1)
From equations (16) and (35), the condition γi = γc defines
the boundary
(nb)ci ≡ 47Z6Φ−5
t31
Γ−82 (36)
so that γi < γc for nb < (nb)ci. From equations (34) and (36),
it follows that
(nb)ci
(nb)Y
=
9
64
(
σ¯γγ
σe
)2
=
1
219
(37)
thus (nb)ci is just a shift of (nb)Y .
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FIG. 1.— Boundaries (solid curves, labeled in right panel) and Lines (dotted and dashed curves, labeled in the left panel) in the nb − Γ plane, and regions
corresponding to all possible orderings of spectral breaks (separated by the boundaries identified in right panel), for the synchrotron emission from pairs formed at
z = 2 from high-energy photons of fluence Φ(> 100MeV) = 10−5 erg cm−2 at observer time t = 10 s. Γ is the Lorentz factor of the pair-source at that time,
and nb is its magnetic field parameter. The boundaries intersect at the ”triple point” (nb,Γ) = (0.035, 250), where all three breaks are equal. For Γ < Γτ , the pairs
are optical thick to photon scattering τ > 1, but for nb > (nb)τ , the hot pairs (γ > 1) are optically thin.
For nb < (nb)ci, we have γi < γc and the condition γa = γi
is equivalent to τp ≡ τa(γi) = 1 which, after using equations
(16), (23), and (28), is satisfied on the boundary
(nb)ia ≡ 0.014Z70
Φ14−5
t281
Γ−722.4 (38)
with γi < γa for nb < (nb)ia. In this regime, γa = γiτ1/6p ;
using equations (16), (23), (28), and (35), γa = γc is satisfied
on the boundary
(nb)ca ≡ 0.011Z−6.8 t
2
1
Φ1.6
−5
Γ4.82.3 (39)
with γa < γc if nb < (nb)ca.
For nb > (nb)ci, we have γc < γi and the γa = γc boundary
is defined by τp ≡ τa(γc) = 1 which, together with equations
(23), (28), and (35), leads to
(nb)ac ≡ 8.8Z−10 t
3.25
1
Φ2.25
−5
Γ82.7 (40)
with γa > γc for nb > (nb)ac. In this case, γa = γcτ1/6p ; using
equations (16), (23), (28), and (35), it follows that γa = γi on
the boundary
(nb)ai ≡ 200Z38
Φ7.5−5
t15.51
Γ−402.3 (41)
such that γi < γa if nb < (nb)ai.
4.1.2. (nb)Y < nb < (nb)a/c (sy cooling)
In this case Y < 1; for γa < γc, pairs cool mostly through
synchrotron emission and equations (22) and (34) yield
γc ≃ 1.15Z
(nb)t1Γ33
, Y =
(nb)Y
nb
(τ < 1, Y < 1, γc > γa)
(42)
Because (nb)Y > (nb)ci, we have γc < γi, and the condition
γa = γc is equivalent to τp ≡ τa(γc) = 1 which, using equa-
tions (23), (28), and (42), is satisfied on the boundary
(nb)a/c ≡ 0.19
Z−1.11
t0.221 Φ
0.44
−5
Γ−0.893 (43)
4.1.3. nb > max[(nb)Y , (nb)a/c]
For nb > (nb)a/c, the γc < γa regime occurs; without syn-
chrotron cooling, γc ∝ Y −1, and the expressions for Y and γc
are the same as in equation (35) for Y > 1, although Y < 1
now. Consequently, the γa = γi and γa = γc boundaries are
the same as for Y > 1: (nb)ai and (nb)ac, respectively.
In contrast with that case, a new region appears now, de-
fined by (nb)a/c < nb < (nb)ac, for which γc of equa-
tion (35) does not satisfy the γc < γa condition. This is the
case where inverse-Compton cooling, operating alone after the
epoch t′ac < t′d when the cooled pair Lorentz factor γ(t′ac) has
reached γa(t′ac), does not decrease γ(t′) significantly until t′d.
In this case, we impose γc ≡ γ(t′d) ≃ γa, thus
γc = γa =
(
5eτ
σeB
)1/5
= 5.2Z2
(
Φ2−5
(nb)1/2t41Γ
11
3
)1/5
(44)
(τ < 1, Y < 1, γc = γa)
64.1.4. nb > (nb)c1 or nb > max[(nb)c2, (nb)c3]
(γc = 1)
In some of the regions identified above, radiative cooling can
be strong enough that γ(t′) = 1 at some time t′ < t′d. In this
case, γc ≡ γ(t′d) = 1, and γa and Y are those given by equa-
tions (26) and (33) with γc = 1. From equations (35), (42), and
(44), the condition γc = 1 defines three lines:
(nb)c1 ≡ 1270Z−4 t1
Φ2
−5
Γ22.5 (45)
(nb)c2 ≡ 3.6Z20
Φ4−5
t81
Γ−223.3 (46)
(nb)c3 ≡ 0.043 Z
t1
Γ−33.5 (47)
such that γc = 1 if nb > (nb)c1 or nb > max[(nb)c2, (nb)c3].
The pair cooling to γc = 1 means that a pair of high ini-
tial energy loses radiatively all its energy over a dynamical
timescale. From the equation for radiative cooling, γ(t′) =
mec
2/crt
′
, it follows that the time for complete cooling is
t′c(γ ∼ 1) ≡ mec2/cr. When t′c(γ ∼ 1) < t′d, a fraction
fh = t
′
c(γ ∼ 1)/t′d of the pairs created in the last dynamical
timescale are hot (γ > 1) and radiate synchrotron and upscat-
ter/absorb that emission, and a fraction 1−fh are cold (γ = 1),
scatter photons without a significant change in energy and ab-
sorb the emission below their characteristic synchrotron fre-
quency. Noting that t′c(γ ∼ 1)/t′d = mec2/(crt′d) = γ(eq.22)c ,
with γ(eq.22)c the cooling Lorentz factor of equation (22), we
find that
fh = γ
(eq22)
c =
0.144Z
(nb)3t1Γ32.3
1
Y +Θ(1− γa) (48)
The parameters of interest – γa, Y and peak flux Fp ∝ N
– are those of equations (26) and (27) with γc = 1 and for
a number of hot pairs Nh or optical thickness τh satisfying
Nh/N = τh/τ = fh.
A first consequence of τh = fhτ = τγ(eq.22)c for γc = 1
is that Y = (4/3)γiτh = (4/3)γiγ(eq22)c τ , thus the Comp-
ton parameter given in equation (33) applies whether pairs cool
completely (fh < 1) or not (fh = 1) during one dynamical
timescale. That entails the conclusions that, for γc = 1, Y = 1
on the (nb)Y line given in equation (35), and that Y is as in
equation (35) for γc < γa and as in equation (42) for γa < γc.
Owing to the accumulation of pairs at γc = 1, the syn-
chrotron self-absorption thickness satisfies τa(ν < νc) ∝ N
(all pairs absorb synchrotron emission below νc) and τa(ν >
νc) ∝ Nh (only hot pairs absorb above νc), yielding a discon-
tinuity of τa(ν) at νc and a slight ambiguity on the boundary
between the νc < νa < νi and νa < νc < νi regions, as fol-
lowing. The γa = γc boundary of the γc < γa region satisfies
τa(νc+) = (5eτh/σeB)
1/6 = 1, with τh = fhτ ∝ τ/Y . Us-
ing equations (28), (35), and (48), we find that γa = γc along
the boundary
(nb)ac1 ≡ 4.4× 105Z8
Φ1.5−5
t3.51
Γ−103 (49)
The γa = γc boundary of the γa < γc region satisfies
τa(νc−) = (5eτ/σeB)1/6 = 1, leading to the same condi-
tion as for γc = 1 for the νa = νc < νi region (see Figure
1), therefore the (nb)c2 line of equation (46) is also a γa = γc
boundary.
For γc < γa < γi, equations (23) and (26) give γa =
γc[τa(νc+)]
1/6 = (5eτh/σeB)
1/6; then, τh = τγ(eq.22)c im-
plies that γa = γi along the (nb)ai boundary given in equation
(41), extending into the γc = 1 region.
4.1.5. Klein-Nishina scattering
The Compton parameter Y of equation (33) is for inverse-
Compton scatterings in the Thomson regime. The pair syn-
chrotron flux is νFν ∝ ν1/2 for νp < ν < νb and flat
above νb for a Cε ∝ ε−2 spectrum of the high-energy pho-
tons that form pairs. However, for a typical LAT spectrum,
which is slightly softer than ε−2, the synchrotron flux νFν
peaks at νb. For nb > (nb)ci, we have νc < νi, hence
νFν peaks at νi. Pairs of energy γ scatter synchrotron pho-
tons at the νi peak of νFν in the Klein-Nishina (KN) regime if
γ(hν′i) = γ(eh/2mec)γ
2
iB > mec
2
. Staying in the γc < γi
case, the KN regime will reduce the Compton parameter sig-
nificantly if the γi pairs satisfy the above inequality, i.e. if
γi > γKN ≡ (2m2ec3/heB)1/3. Using equations (16) and
(18), the condition γi > γKN becomes nb > (nb)KN where
(nb)KN ≡ 0.29Z30
Φ6−5
t121
Γ−322.7 (50)
For nb > 10−5, we have (nb)KN > (nb)ci (Figure 1), thus
nb > (nb)KN implies nb > (nb)ci and the derivation of equa-
tion (50) is self-consistent. The KN scattering effect on the
calculation of the Compton parameter of equation (33) is as fol-
lowing. For nb < (nb)KN , most pairs, being between γc and
γi, scatter the synchrotron input in Thomson regime and the KN
effect is negligible. For nb > (nb)KN , pairs above an energy
γ˜ ≡ γ3KN/γ2i with γc < γ˜ < γi scatter synchrotron photons in
the KN regime and the Compton Y is reduced; however, Y < 1
is very likely because nb > (nb)KN implies nb > (nb)Y (Fig-
ure 1), hence that reduction of Y by the KN effect is largely
inconsequential.
For nb < 10−5, we have γKN < γi < γc; in this case,
all pairs upscatter in the KN regime the νi synchrotron photons
and also the νc synchrotron photons (where νFν peaks), thus
equation (33) significantly overestimates the true Compton pa-
rameter, leading to an overestimation of the inverse-Compton
flux and an underestimation of γc ∝ Y −1. The latter leaves un-
changed the synchrotron flux below νc but underestimates the
synchrotron flux above νc. For the rest of this paper, we will
avoid the nb < 10−5 region, so that the KN effect can be ig-
nored.
4.2. Optically-thick pairs: Γ < Γτ
Over one dynamical timescale, a photon undergoes τ scat-
terings and diffuses a distance L′s =
√
τ l′s in the pair-shell co-
moving frame, where l′s = ∆′/τ is the mean free-path between
scatterings. Thus, over one dynamical timescale, the observer
receives photons from a geometrical depth L′s = ∆′/
√
τ , cor-
responding to a scattering optical depth
√
τ .
7A synchrotron photon undergoes τ2 scatterings before es-
caping the pair medium. In the lab-frame, if the pair medium
were stationary, the photon mean free-path between scatterings
would be ls = ∆/τ , with ∆ = R/(2Γ2) the geometrical
thickness of the pair front. Because the pair medium moves
at Lorentz factor Γ, the lab-frame photon-pair relative veloc-
ity is vr = c/(2Γ2), hence each scattering takes a time ts =
2Γ2ls/c = R/(cτ) = td/τ . A photon starting from a geomet-
rical depth x′ = τo(∆′/τ), corresponding to a scattering op-
tical depth τo, will diffuse through the pair medium a distance
L′d =
√
nsl
′
s (measured relative to the forward-shock) after ns
scatterings and will exit the pair medium in the direction to-
ward the observer when L′d = x′, i.e. after ns = (x′/l′s)2 = τ2o
scatterings, in a lab-frame time tesc = nsts = τ2o td/τ . There-
fore, only photons up to an optical thickness depth
√
τ cross
the pair shell within one dynamical timescale, and these pho-
tons undergo up to τ scatterings.
Because we approximate the effective pair distribution with
energy as that established by injection and cooling over td, we
will consider only τ scatterings for the calculation of inverse-
Compton parameter, cooling, and emission. Hence, the pair
cooling γc is that of equation (22) with the Compton parameter
corresponding to τ scatterings: Y = Y1 + ...+ Yτ . As long as
scatterings occur in the Thomson regime, the Compton param-
eter of i-th scattering is Yi = Y i1 , where Y1 = (4/3)γiγc is the
Compton parameter of the first scattering for γc > 1. Because
Y1 > 1, we can approximate Y1+ ...+Yτ = (Y τ+11 −1)/(Y1−
1) ≃ Y τ1 , thus
Y = Y τ1 , Y1 =
4
3
γiγc (τ > 1, γc > 1) (51)
Adding equation (22) with Y > 1, we find that
γc =
[(
3
4γi
)τ
1150Z
(nb)t1Γ32
]1/(τ+1)
(τ > 1, γc > 1) (52)
After i scatterings, a synchrotron photon of initial energy
hν reaches an energy (γ2)ihν, where γ2 = γiγc is the av-
erage γ2 for pairs. The i-th scattering occurs at the end of
the Thomson regime if, in the pair frame, the (i − 1)-th scat-
tered photon is below mec2 (Thomson scattering) and the i-
th scattered photon is above mec2 (Klein-Nishina scattering):
γ¯(γ2)i−1hν < mec
2 < γ¯(γ2)ihν, where γ¯ = (γ2)1/2 =
(γiγc)
1/2
. Thus the i-th scattering is borderline in Thom-
son regime if (γiγc)i−1/2hν < mec2 < (γiγc)i+1/2hν, and
we approximate the number of Thomson scatterings nT by
(γiγc)
nT hν = mec
2
.
The synchrotron photon of energy hν considered here should
be that where most of the synchrotron output νFν lies, which is
max(νi, νc), leading to
max(γ2i , γ
2
c )(γiγc)
nT =
2m2ec
3
heB
=
3.6× 1011
(nb)1/2Γ2
(53)
Substituting here γc from equation (52) and using equations
(31) and (32), one can determine the nb − Γ region where
τ < nT , i.e. for which all τ scatterings occurring within one
dynamical timescale are in the Thomson regime. The result is
that, for the nb range shown in Figure 1, all τ upscatterings oc-
cur in the Thomson regime, and that result can be illustrated
easier if we use the more stringent condition that νc photons
are upscattered by γc pairs. Then, from equation (53) with γi
substituted by γc and with γc from equation (52), it follows that
τ < nT is equivalent to nb > (nb)kn with
(nb)kn ≡ 2.4× 10−4
[(
3
4γi
)τ Z
t1Γ2.52
]4/3
(54)
Taking into account the dependence on Γ of τ and γi, we find
that (nb)kn above rises with Γ, reaching a maximum value at
Γτ , where τ = 1 and γi = 3.3, hence that maximum value
is (nb)kn(Γτ ) ≃ 2.10−5. Thus, the nb range shown in Figure
1 satisfies nb > (nb)kn and all τ upscatterings occur in the
Thomson regime.
4.2.1. γc > 1
From equation (52), it follows that γc = γi along the bound-
ary
(nb)ic ≡
(
3
4γ2i
)τ
1150Z
γit1Γ32
(55)
that γc = γa(= γiτ1/6p ) for
(nb)c/a ≡
[
3.9
Z−(5τ−1)/6
(390γi)τ
t
(τ−2)/3
1 Γ
τ−2
2
Φ
(τ+1)/6
−5
]12/(11−τ)
(56)
(this boundary exists only for τ < 11, i.e. Γ > Γc), and that
γc = 1 on
(nb)c ≡
(
3
4γi
)τ
1150Z
t1Γ32
= γτ+1i (nb)ic (57)
with γi given in equation (32). These results become simpler
for Γ < Γ˜c, where γi = 2 and the (nb)c boundary is just a shift
of (nb)ic.
4.2.2. γc = 1
For nb > (nb)c, only a fraction
fh =
1150Z
(nb)t1Γ32
1
Y
, Y =
max(1,τh)∑
i=1
Y i1 , Y1 =
4
3
γimin(1, τh)
(58)
(τ > 1, γc = 1)
of all pairs upscatter synchrotron photons. This result is equa-
tion (48) for τh = fhτ upscatterings (a synchrotron photon
undergoes τ scatterings in one dynamical timescale, out of
which a fraction fh < 1 are upscatterings by hot pairs) and for
γa > γc = 1 (as Figure 1 shows for Γ < Γτ ). To find fh, τh,
and Y , equations (58) with τh = fhτ must be solved.
For τh > 1, we have Y1 > 1 and Y =
∑τh
i=1 Y
i
1 ≃ Y τh1 , thus
τh satisfies(
4
3
γi
)τh
τh =
1150Zτ
(nb)t1Γ32
, Y =
(
4
3
γi
)τh
(τh > 1, γc = 1)
(59)
From here, τh can be determined numerically, a rough approx-
imation being τh ≃ log[1150Zτ/(nb)t1Γ32]/ log(4γi/3).
8From equation (59), the line corresponding to τh = 1 is
(nb)τ =
870Zτ
t1Γ32γi
=


2200Z16Φ
3
−5
t71
Γ−182 Γ˜c < Γ < Γτ
1470Z6Φ−5
t31
Γ−82 Γ < Γ˜c
(60)
For nb < (nb)τ , the hot pairs are optically thick (τh > 1) to
photon scattering while for nb > (nb)τ , they are optically thin
(τh < 1) despite that τ > 1.
For τh < 1, at most one upscattering occurs within a dynam-
ical timescale, thus Y = Y1 = (4/3)γiτh, and
τh =
(
(nb)τ
nb
)1/2
, Y =
4
3
γiτh (τh < 1, γc = 1) (61)
which implies that Y > 1 for nb < (nb)Y with
(nb)Y =
(
4
3
γi
)2
(nb)τ = 1540Z γiτ
t1Γ32
= (nb)
(eq.34)
Y (62)
with the last equality resulting from equations (31) and (32).
Thus the Y = 1− (nb)Y line given in equation (34) for Γ > Γτ
extends in the Γ < Γτ region. We also note that Y = (4/3)γiτh
implies that, for Γ < Γ˜c (i.e. for γi = 2), the τh = 1 line is a
shift of the Y = 1 line.
5. PAIR EMISSION
5.1. Synchrotron
The intrinsic synchrotron spectrum peaks at νp =
min(νi, νc), where the flux density is
Fp =
z + 1
4πd2l
e3
mec2
NhBΓ = 6.8Z5
Φ2−5(nb)
1/2
t21Γ
4
2.5
Jy (Γ > Γ˜c)
(63)
with Nh = N if γc > 1 and Nh = fhN if γc = 1. From
equations (17), (18),(16), (35), (42), the injection and cooling
frequencies scale as
νi ∝ n1/2Z−11Γ12Φ−2t4 , νc ∝
{ Z−3n1/2Γ−4t−2 Y < 1
Z−5n−1/2Γ4Φ−1t Y > 1
(64)
For the pair distribution with energy given in equation (19),
the spectrum of the unabsorbed synchrotron emission is
F (o)ν = Fp


(
ν
νp
)1/3
(ν < νp)(νp
ν
)1/2
(νp < ν < νb)(
νp
νb
)1/2
νb
ν
(νb < ν)
(65)
where νp = min(νi, νc) and νb = max(νi, νc). For a LAT pho-
ton spectrum Cε ∝ ε−2, the corresponding pair synchrotron
νFν spectrum is flat above νb, but peaks at νb for softer LAT
photon spectra.
1) Γ > Γτ . Then τ < 1 and the received/emergent syn-
chrotron flux is that of equation (65) corrected only for self-
absorption:
Fν =
F
(o)
ν
max[1, τa(ν)]
(τ < 1) (66)
where τa(ν) is the synchrotron self-absorption optical thickness
(equation 25) at observing frequency ν, for all pairs (if γc > 1
or if γc = 1 and ν < νc) or only for hot pairs (if γc = 1
and ν > νc). Equation (66) simply means that the observer
receives emission from the entire pair medium at frequencies
where τa(ν) < 1 and from a layer of optical depth (to self-
absorption) unity if τa(ν) > 1.
Substituting equations (63) and (64) in (65), we arrive at
the synchrotron light-curves listed in Table 1 for ν > νa,
γc > 1, and for two types of ambient medium: homogeneous,
for which n= const and the shock deceleration is given by
Γ2nR3 = Γ2n(Γ2t)3 = const, hence Γ ∝ t−3/8; wind-like,
where n ∝ r−2, thus Γ ∝ t−1/4, R ∝ t1/2, and n ∝ t−1.
Table 1 illustrates the un-surprising correlation of the pair
flux with the fluence Φ of the high-energy photons that form the
pairs. For the same distribution of leptons with energy, the pair
synchrotron emission always decays faster than the forward-
shock’s (taking into account that Φ ∝ t−1.3±0.3). Compared
with the synchrotron emission from the reverse-shock, after
that shock crossed the ejecta shell and electrons cool adiabati-
cally, the pair emission decay is steeper at ν < νp and slower
at ν > νb.
2) Γ < Γτ and nb > (nb)τ . In this case, τ > 1, γc = 1, the
scattering optical thickness of hot pairs is τh < 1, i.e. most
scatterings are on cold pairs and leave the synchrotron pho-
ton energy unchanged. Scatterings by cold leptons increase
the optical thickness to self-absorption to an effective value
τ˜a =
√
τa(τa + τ). The observer receives emission from a
layer of geometrical thickness l′a corresponding to one self-
absorption optical thickness, l′a = ∆′/τ˜a. Because we take into
account only photons that escape the pair medium in one dy-
namical timescale (on which the number of pairs changes), i.e.
only photons from a scattering optical depth
√
τ , the received
synchrotron flux is
Fν =
F
(o)
ν
max[
√
τ , τ˜a(ν)]
τ˜a(ν) ≡
√
τa(ν)[τa(ν) + τ ] (67)
or
Fν = F
(o)
ν


τ−1/2 (τa < 1)
(τaτ)
−1/2 (1 < τa < τ)
τ−1a (τ < τa)
(68)
3) Γ < Γτ and (nb)τ > nb > (nb)c. In this case, τ > 1,
γc = 1, and τh > 1. Because the upscattering of a synchrotron
photon by hot pairs means the ”destruction” of the synchrotron
photon (which will be counted as an inverse-Compton photon),
upscatterings reduce the emergent synchrotron flux in a fashion
similar to self-absorption
Fν =
F
(o)
ν
max[
√
τ, τ˜a(ν), τ˜h]
(τ > 1) (69)
τ˜h ≡ √τhτ , τ˜a(ν) ≡
√
τa(ν)[τa(ν) + τc] (70)
where τc = τ − τh is the scattering optical thickness of cold
pairs. Equation (69) reduces to (67) for τh < 1.
9TABLE 1
Synchrotron light-curves at frequencies above self-absorption, for optically-thin pairs, for forward-shock (external) electrons (eqs in
Appendixes B and C of Panaitescu & Kumar 2000), and for reverse-shock (ejecta) electrons undergoing adiabatic cooling, i.e. after
the reverse shock has crossed the ejecta shell and when there is no further injection of fresh electrons (the ν < νc flux scalings are
inferred from eqs 52 and 53 of Panaitescu & Kumar 2004, the νc < ν flux decay is that of the ”large-angle emission” derived by
Kumar & Panaitescu 2000). The injected electrons and formed pairs have a power-law distribution with energy of index -2 (equation
14). Φ is the fluence at time t of the high-energy photons that form pairs, Y is the Compton parameter, νi and νc are the injection
and cooling frequencies. The synchrotron spectrum is given in equation (65).
type of F (ν < νi < νc) F (ν < νc < νi) F (νi < ν < νc) F (νc < ν < νi) F (νi, νc < ν)
medium Y < 1 Y > 1 Y < 1 Y > 1 Y < 1 Y > 1
PAIRS
homogeneous Φ8/3t−1/3 Φ2t−1/3 Φ7/3t−1/3 Φt−3/4 Φ2t−3/4 Φ3/2t−3/4 Φt−1 Φ1/2t−1
n ∝ r−2 wind Φ8/3t−5/3 Φ2t−1 Φ7/3t−5/3 Φt−5/4 Φ2t−9/4 Φ3/2t−5/4 Φt−2 Φ1/2t−1
FORWARD SHOCK
homogeneous t1/2 t1/6 t−3/4 t−1/4 t−1
n ∝ r−2 wind t0 t−2/3 t−5/4 t−1/4 t−1
REVERSE SHOCK (adiabatic cooling)
homogeneous t−0.31 t−0.31 t−1.11 t−2.5 t−2.5
n ∝ r−2 wind t−0.28 t−0.28 t−1.46 t−2.5 t−2.5
The self-absorption frequency ν˜a defined by τ˜a(ν˜a) = 1 sat-
isfies [τc + τa(ν˜a)]τa(ν˜a) = 1, which implies that τa(ν˜a) < 1.
Adding that τa(ν) decreases with ν, this means that ν˜a > νa,
where νa is the self-absorption frequency without scatterings,
defined by τa(νa) = 1. Obviously, scatterings by cold leptons
(without changing the energy of the synchrotron photon) in-
crease the self-absorption frequency. For τc < τa(ν˜a), we have
τa(ν˜a) ≃ 1, thus ν˜a ≃ νa (trivial). For τc > τa(ν˜a), we get
τcτa(ν˜a) ≃ 1, which can be solved easily: the solution is that
of equation (26) but with τcτp instead of τp. The boundaries
involving νa shown in Figure 1 remain unchanged for τ > 1
because γc > 1, hence τc = 0 (there are not any cold pairs).
4) Γ < Γτ and nb < (nb)c. In this case, γc > 1, τc = 0, and
τh = τ > 1, thus
Fν =
F
(o)
ν
max[τa(ν), τ ]
(71)
Note that equation (69) reduces to (71) for τc = 0, thus equa-
tion (69) applies to all τ > 1 cases.
For the sake of generality, equations (66) and (69) can be
combined as
Fν =
F
(o)
ν
max[1,
√
τ, τ˜a(ν), τ˜h, τ/3]
(72)
valid for any τ and τh. The last term in the denominator ac-
counts for the formation of pairs ahead of the diffusing photon.
As discussed before, a photon starting from a scattering optical
depth τo will undergo τ2o scatterings before it diffuses over a
distance L′d = τol′s (in the comoving-frame) and exits the pair
shell. These scatterings take a time δt′ = τ2o l′s/c, hence the
photon diffuses at average speed v′d = L′d/δt′ = c/τo relative
to the shocked fluid. For the photon to really escape the pair
medium, that diffusion speed should exceed the velocity v′rel
of the outer edge of the pair-medium relative to the shocked
fluid. When the pair medium is optically thick, most pairs form
within the shocked fluid that produced the pair-forming pho-
tons, whose outer edge is the forward-shock, which moves at
speed v′sh = c/3 relative to the post-shock fluid. Thus, the con-
dition v′d > v′sh implies that only photons from optical depth
τo < 3 escape the pair medium.
5.2. Inverse-Compton
5.2.1. τ < 1 (Γ > Γτ )
Only one upscattering occurs during one dynamical
timescale, hence Y = Y1 = (4/3)γiγcτh. The upscattering
of a fraction τ of synchrotron photons implies that the peak of
the first inverse-Compton spectrum is
F (1)p = τhF
(sy)
p (73)
with F (sy)p the flux at the peak of the emergent synchrotron
spectrum:
F (sy)p = Fp


1 (νa < νp)(
νp
νa
)1/2
(νp < νa < νb)(
νp
νb
)1/2
νb
νa
(νb < νa)
(74)
with Fp the peak flux of the intrinsic synchrotron spectrum,
given in equation (63), νa being the self-absorption frequency,
νp = min(νi, νc) is the peak energy of the Fν synchrotron
spectrum, and νb = max(νi, νc) is the peak of the νFν syn-
chrotron spectrum. The emergent synchrotron spectrum peaks
at max(νp, νa).
The spectrum of the first inverse-Compton emission has
breaks at
ν(1)a ≡
4
3
γ2pνa, ν
(1)
p ≡
4
3
γ2p max(νp, νa), ν
(1)
b ≡
4
3
γ2b max(νb, νa)
(75)
The shape of the intrinsic inverse-Compton spectrum is the
same as for the synchrotron spectrum (equation 65), but up-
scattering of the self-absorbed synchrotron emission Fν ∝
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FIG. 2.— Optical (left panel) and hard X-ray (right panel) emission from pairs formed behind the forward-shock from high-energy photons of fluence
Φ = 10−5 erg cm−2 above 100 MeV, with a Cε ∝ ε−2 photon spectrum, at observer time to = 10 s (during the burst), for various magnetic field parameters nb
(legend), and for a range of source Lorentz factors Γ(to). Dotted lines identify the inverse-Compton emission (iC). For an optically-thin (τ < 1) pair-medium, the
optical emission is only synchrotron; for τ > 1, it is mostly iC. In contrast, the 100 keV emission can be iC for Γ > Γτ . The wiggly X-ray inverse-Compton flux
for τ > 1 is due to variations of the order of inverse-Compton components that escape the optically-thick medium in one dynamical timescale. A low Γ entails a
higher τ and a low flux from the pairs in the layer of optical depth
√
τ , whose emission escapes within one dynamical timescale. A high Γ leads to a high threshold
for pair-formation, a low number of pairs formed, hence a dimmer pair emission.
ν1/3/τa(ν) ∝ ν2 yields a softer emergent inverse-Compton
spectrum F (1)ν ∝ ν, that spectrum being
F (1)ν = F
(1)
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(76)
5.2.2. τ > 1 (Γ < Γτ )
If the effective optical thickness to scattering by hot pairs
τ˜h =
√
τhτ < 1 then the above equations for τ < 1 apply, but
with the self-absorption frequency ν˜a accounting for scatterings
by cold pairs instead of νa.
For τ˜h > 1, the cooling γc and Compton Y are those cal-
culated in §3.2 for τh upscatterings that a synchrotron photon,
starting from optical depth
√
τ , undergoes during one dynam-
ical timescale. Taking into account than only photons from
a scattering optical depth τo < 3 catch up with the forward-
shock, and that such photons undergo up to 9 scatterings before
escaping the pair medium, out of which 9τh/τ are upscatter-
ings, it follows that the maximal inverse-Compton order to be
considered is iCmax = min(τh, 9τh/τ). The emergent upscat-
tered emission is the sum of iCmax inverse-Compton compo-
nents peaking at progressively higher energies. After i upscat-
terings, the scattered photon has diffused, on average, a distance√
il′s, where l′s = ∆′/τ˜h is the photon free mean-path between
upscatterings. Therefore, most of the i-th inverse-Compton
emission arises from a upscatterings of seed photons produced
by a layer located at upscattering optical depth
√
i− 1 ÷ √i,
which we will call the ”i-th iC layer”. With increasing distance
from it, inner and outer layers yield a lesser and lesser contri-
bution to the i-th inverse-Compton emission.
For ease of calculations and accounting of the seed syn-
chrotron photons, we assume that the i-th inverse-Compton
emission arises from upscatterings of synchrotron photons pro-
duced only by the i-th iC layer. Given that all seed photons
from i > 1 layers are upscattered, this one-to-one correspon-
dence between inverse-Compton order and optical depth should
entail that all the synchrotron photons produced by the i-th iC
layer become i-th inverse-Compton photons, thus the peak flux
of the i-th inverse-Compton spectrum is equal to the peak flux
of the synchrotron spectrum for the i-th iC layer:
F (i)p =
√
i−√i− 1
τ˜h
F (sy)p [i = 1÷min(τh, 9τh/τ)] (77)
where F (sy)p is the flux at the peak of the synchrotron spectrum
for the entire pair medium, given in equation (74), but with ν˜a
corresponding to self-absorption only in the i-th iC layer:
τ˜ (i)a (ν˜a) = 1 , τ˜
(i)
a ≡
√
τ
(i)
a
(
τ
(i)
c + τ
(i)
a
)
(78)
where τ (i)c ≡ (
√
i − √i− 1)τc/τ˜h is the optical thickness to
scattering by cold pairs in the i-th iC layer (although the i-th
iC layer is optically thin to upscatterings by hot pairs, it is not
necessarily thin to scatterings by cold pairs), and with τ (i)a (ν)
as given in equation (25) but for the scattering optical thickness
τ (i) ≡ (√i−√i− 1)τ/τ˜h of the i-th iC layer.
The flux of the i-th inverse-Compton emission is as given in
equation (76) but with F (i)p instead of F (1)p and with spectral
breaks at
ν(i)a ≡
(
4
3
γ2p
)i
ν˜a (79)
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FIG. 3.— Optical (left) and soft X-ray (right) light-curves from pairs produced by high-energy photons with fluence Φ = 10−5(t/to)−1/3 erg cm−2 and
Cε ∝ ε−2 photon spectrum, for a fixed magnetic field parameter nb = 10−2, and a shock deceleration Γ = Γo(t/to)−3/8 corresponding to a homogeneous
medium (of particle density n), starting from various Γo at to = 10 s. The dominant emission process is indicated, as well as the origin of light-curve breaks
(”c=o” means cooling frequency crossing the optical). Only for the lowest Γo = 100, the pair medium is optically thick to photon scattering, until the time of the
inverse-Compton light-curve.
ν(i)p ≡
(
4
3
γ2p
)i
max(νp, ν˜a) (80)
ν
(i)
b ≡
(
4
3
γ2b
)i
max(νb, ν˜a) (81)
To summarize the accounting of photons for τ > 1: the out-
ermost layer of one upscattering optical depth (i = 1) yields
the synchrotron emission and the first inverse-Compton scat-
tering, layers of geometrical depth (
√
i− 1 ÷
√
i)(∆/τ˜h) pro-
duce all the seed photons for the i-th inverse-Compton emis-
sion, but we ignore the inverse-Compton emission of order
higher than τh, produced by pairs at geometrical depth larger
than √τh∆/τ˜h = ∆/
√
τ because that emission is trapped in
the pair medium for longer than one dynamical timescale, on
which change the number of pairs and their distribution with
energy.
6. OPTICAL AND X-RAY LIGHT-CURVES
The formalism presented so far allows the calculation of the
optical and X-ray synchrotron self-Compton flux from pairs at
the observer-time t when LAT measured a fluence Φ(t), for an
assumed source Lorentz factor Γ, and a shock magnetic field B
(parametrized and tied to Γ by the nb parameter).
The ”pseudo light-curves” of Figure 2 show the synchrotron
and inverse-Compton flux at 2 eV (optical) and 100 keV (hard
X-ray) as function of the source Lorentz factor Γ at t = 10 s
(during the prompt emission phase), for a LAT fluence Φ =
10−5 erg cm−2, and a few values for the magnetic field param-
eter nb. The brightest optical flux is obtained when the peak
frequency νp of the synchrotron spectrum is close to the opti-
cal range. We note that the peak flux of equation (63) means
magnitude V = 6.6, comparable to that shown in Figure 2 for
nb = 1 and with the brightest optical counterpart (emission
during the prompt/burst phase) ever observed (GRB 080319B,
reached peak magnitude V = 5.3 at 20 s after trigger – Greco
et al 2009).
The 10 keV–1 MeV fluence of Fermi-GBM bursts is about
ten times larger than the 100 MeV–10 GeV fluence of the cor-
responding LAT afterglows, thus the average MeV flux of a 10
s burst is Fgrb ∼ 10−5 erg cm−2 s−1. Figure 2 shows that, dur-
ing the prompt phase, the pair emission at 100 keV is dimmer
by about two orders of magnitude than the burst.
Figure 3 shows proper pair-emission optical and soft X-ray
light-curves for a source deceleration corresponding to a blast-
wave interacting with a homogeneous ambient medium (uni-
form n) – Γ ∝ t−3/8 – a slowly-decreasing high-energy flu-
ence Φ, a constant magnetic field parameter nb, and starting
from various initial Lorentz factors Γo at to = 10 s. The shock
deceleration corresponds to moving from right to left, on a hori-
zontal line in Figure 1. The pair flux is calculated at each epoch
in same way as for Figure 2, adjusting the fluenceΦ. For Figure
4, the ambient medium has a wind-like structure, n ∝ R−2, as
for a massive star GRB progenitor, hence the shock decelera-
tion is Γ ∝ t−1/4 and the magnetic field parameter evolves as
nb ∝ t−1, the deceleration corresponding to moving from right
to left on a nb ∝ Γ4 line in Figure 1.
Because the pre-deceleration phase of the forward-shock and
the rise of the high-energy flux Φ before to are not accounted
for, the calculated pair synchrotron light-curves miss the ini-
tial rising part, but they can still display peaks when the self-
absorption νa break or the Fν peak νp = min(νi, νc) fall below
the observing band. Otherwise, crossing by the νFν peak fre-
quency νb = max(νi, νc) yields a light-curve break.
For a typical LAT light-curve, Φ(t) = Ft ∝ t−1/3, the pair
flux has a power-law decay Fν ∝ t−α with α ∈ (1.0, 1.4)
for a homogeneous medium and α ∈ (1.2, 2.0) for a wind,
the latter range being more compatible with the observations of
GRB optical counterparts (flashes): α = 1.8 for GRB 990123
(Akerlof et al 1999), α = 2.0 for GRB 061126 (Perley et
al 2008), α = 2.5 for GRB 080319B (Wozniak et al 2009),
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FIG. 4.— As for Figure 3 but for a source deceleration Γ = Γo(t/to)−1/4 corresponding to a wind-like medium of proton density n(R) = 3.1035 A∗/R2 , and
a magnetic field parameter A∗b = 10−2. Light-curve breaks originate from a spectral break crossing the optical (”a=o” for absorption, ”i=o” for injection), from the
occurrence of the (γa = γc , Y < 1) regime (”a=c”), or from an inverse-Compton to synchrotron transition (”iC→sy”, in the X-ray).
α = 1.7 for GRB 130427A (Vestrand et al 2014). Thus, a wind-
like medium is favored when interpreting the optical flashes as
emission from pairs; still, we note that steeper decays of the pair
emission result for a fluence Φ decreasing faster than t−1/3.
While Figures 3 and 4 show that the X-ray flux from pairs at
0.1–10 ks can be compatible with that measured for Swift X-
ray afterglows – Fν = 10−11 − 10−10 erg cm−2 s−1 (O’Brien
et al 2006) – the above pair light-curve decays are too steep
compared with X-ray plateau measurements – α ∈ (0.2, 0.8)
– thus, only the faster-decaying plateaus can be accommodated
by pair emission, provided that the fluence Φ is nearly constant,
and that the ambient medium is homogeneous.
6.1. Brightest optical flash from pairs
Figure 5 shows the maximal optical flux from pairs at t = 10
s (i.e. during the prompt emission phase), for a range of high-
energy fluence, obtained by searching a reasonable range of the
(Γ, nb) parameter space: Γ ∈ (10, 104) and nb ∈ (10−5, 105).
As illustrated in Figure 2, one expects that Γ ∈ (100, 1000) for
the brightest optical flash, because too low Lorentz factors lead
to optically-thick pairs and less radiation escapes in a dynami-
cal timescale, while too high Lorentz factors increase the pair-
formation threshold energy, leading to the formation of fewer
pairs, and reducing the flux produced by pairs. As suggested by
Figure 2, Figure 5 shows that the maximal optical synchrotron
emission from pairs is larger than that from inverse-Compton,
at any fluence.
The important result shown in Figure 5 is the existence of
an upper limit Rmin on the brightness of the optical flash
from pairs, which offers test of this model: any flash brighter
than shown in Figure 5, for the measured LAT fluence, can-
not originate from pairs. In more detail, the brightest ob-
served LAT afterglows (Φ ∼ 10−4 erg cm−2) could yield op-
tical flashes as bright as R = 5, the dimmest LAT afterglows
(Φ ∼ 10−6 erg cm−2) may produceR = 9 optical flashes, with
reasonably bright flashes originating from the pairs produced
in GRB afterglows that are not detectable by LAT above 100
MeV.
We note that the existence of Rmin is not a immediate con-
sequence of equation (63), which leaves the possibility of a
brighter optical flash than shown in Figure 5, if the peak fre-
quency νp of the synchrotron spectrum fell in the optical and
if it were not self-absorbed. Instead, the brightest optical flash
from pairs shown in Figure 5 corresponds to νp being below
optical (νo); more exactly, νc < νa = νo < νi (and Y > 1,
τ < 1) is satisfied everywhere on the Rmin(Φ) line, a condition
also fulfilled by the brightest two ”peaks” shown in Figure 2
(left panel).
The surprising aspect of the brightest optical flash shown in
Figure 5 is that Rmin(Φ) is independent of the burst redshift z.
Perhaps a moderate dependence of Rmin on redshift is expected
becauseRmin is calculated for a fixed fluenceΦ, thus a higher z
implies a larger afterglow output above 100 MeV, a larger num-
ber of formed pairs, and a larger synchrotron luminosity that
compensates for the larger luminosity distance. That Rmin(Φ)
is z-independent can be proven in the following way. From
equations (63) – (65), it follows that, for νc < νa < νo < νi,
the optical flux satisfies above self-absorption is
Fo = Fp
(
νc
νo
)1/2
∝ Z5/2Φ
3/2(nb)1/4
Γ2t3/2
∝ Γ−2 (82)
For νc < νa < νi, equations (17) and (23)– (26) lead to
γa = γcτ
1/6
p ∝
(τγc
B
)1/6
, νa ∝ Z5/3Φ
1/2(nb)1/6
Γ4/3t7/6
(83)
From equations (25) and (63) – (66), the optical flux below νa
is
Fo = Fp
(
νc
νa
)1/2(
νo
νa
)5/2
∝ Z−5/2 Γ
2t2
Φ0(nb)1/4
(84)
Defining Γp by νa(Γp) = νo, it follows from equation (83) that
i) νo < νa for Γ < Γp, hence Fo ∝ Γ2 (equation 84), the
optical flux increasing with Γ, and ii) νa < νo for Γ > Γp,
hence Fo ∝ Γ−2 (equation 82), the optical flux decreasing with
Γ. Consequently, the optical flux is maximal for Γ = Γp, with
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FIG. 5.— Left panel: distribution (number of events in δR = 1 bin, relative to maximum) of pair optical flash magnitude R at t = 10 s, for three fixed GeV fluences
Φ (corresponding to a bright, dim, and undetectable LAT emission) and for a GeV fluence distributed uniformly in log-space (solid line). The source magnetic field
parameter nb and Lorentz factor Γ at time t were assumed uniformly distributed in log-space, spanning the range 10−4 − 104 cm−3 and 102 − 104, respectively
(the shape of the distributions and its peak location depend on the assumed range and distribution of these two parameters, but the brightest end magnitude depends
only on the fluence). Right panel: brightest pair optical flash flux Rmin (i.e. the bright end of the distributions shown in the left panel) as a function of fluence Φ,
with the two parameters (Γ, nb) left free. The Rmin is reached for νc < νa < νi, Y > 1, τ < 1, and when the self-absorption frequency is in the optical. For this
ordering of synchrotron break frequencies, Rmin is independent of the burst redshift and very weakly dependent on the epoch t, thus the upper limit Rmin on the
optical flash flux shown here is a robust prediction for the synchrotron emission from pairs.
Γp ∝ Z5/4Φ3/8(nb)1/8t−7/8 following from the defining con-
dition νa(Γp) = νo. Substituting Γp in either equation (82) or
(84), the maximal optical flux satisfies
Fmaxo ≡ Fo(Γp) ∝ Z0(nb)0Φ3/4t1/4 (85)
being independent of redshift and also of the magnetic field pa-
rameter nb (meaning that, for any nb that allows νc < νa =
νo < νi, Y > 1, and τ < 1, there is a Γp that maximizes the
optical flux to the same value Fo(Φ, t)). The coefficient miss-
ing from equation (85) can be determined by carrying the coef-
ficients of all equations involved in its derivation. From Figure
5, the maximal optical flux of equation (85) is
Rmin = 8.7−2.5 log
(
Fmaxo
Jy
)
= 7.0− 15
8
logΦ−5− 5
8
log t1
(86)
For GRB 130427A, the optical flash peaked at R ≃ 7.4 at
10–20 s after trigger (Wren et al 2013), when the LAT 0.1–
100 GeV fluence was Φ ≃ 4.10−5 erg cm−2 (Tam et al 2013).
The upper limit given in equation (86), Rmin ≃ 5.8, is brighter
than measured, thus a pair origin for the optical flash of GRB
130427A is not ruled out.
6.2. Caveats
Our assumption that the power-law spectrum of the high-
energy photons (measured by LAT at 100 MeV–10 GeV) ex-
tends well outside that range could lead to an overestimation of
the emission from pairs in two ways.
Equations (17) and (18) show that the synchrotron emis-
sion at photon energy hν is produced by pairs of shock-frame
energy γ(ν) = 155 (Zhν/1eV )1/2(nb)−1/4Γ−12 . Pairs of
this energy are formed from photons of observer-frame energy
ε(ν) ≃ 2γΓmec2/(z + 1) = 5.3 (hν/1eV )1/2Z−1/2(nb)−1/4
GeV. Thus, optical synchrotron emission requires pairs formed
from seed photons of ε >∼ 10 GeV (which have been occa-
sionally detected by LAT), 1 keV synchrotron emission requires
photons of ε >∼ 200 GeV (the highest-energy photon detected
by LAT had∼ 100GeV, for the z = 0.3GRB 130427A – Fan et
al 2013, Tam et al 2013), while 100 keV synchrotron emission
requires photons of energy ε >∼ 3 TeV.
At the other end, if the high-energy spectrum has a break
not far below 100 MeV, the assumption of a single power-law
overestimates the number of target photons for the ε(ν) photon,
which leads to an overestimation of the optical thickness to pair-
formation and of the number of γ(ν) pairs that are formed (if
the true optical thickness τγγ [ε(ν)] is below unity). From equa-
tion (1), the pair-formation threshold-energy for a ε(ν) photon
is εt(ν) = 0.22(hν/1eV )−1/2Z−3/2(nb)1/4Γ22 MeV, which,
for both optical and X-ray photons, is well below the lower edge
of the LAT window.
Not accounting for the decollimation introduced by the scat-
tering of the seed photons on pairs leads to an underestima-
tion of true number of pairs. An estimate of the importance
of that pair-cascade can be obtained by first noting that most
pairs are formed by the more numerous, lower energy photons
above the threshold for pair-formation, i.e. by the ∼ 1 MeV
photons of the LAT spectrum extrapolation. For a flat νFν
LAT spectrum, the fluence of the 1 MeV photons is compara-
ble to the LAT fluence, hence the 1 MeV photons should have
an energy output of 1053±1 erg. For a 1053 erg burst lasting
for 10 s, the outflow pair-loading through a cascade process
was shown (Kumar & Panaitescu 2004) to produce a signif-
icant pair-enrichment up to a radius Rmax = 5 × 1015 cm.
For an observer-frame time t, this radius corresponds to source
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Lorentz factor Γmax = [(z+1)Rmax/ct]1/2 ≃ 220 (Z/t1)1/2.
Thus, ignoring the pair-cascade process implies an underesti-
mation of the pair number for a source with Γ < Γmax =
1.5(Z0.7Φ0.2−5t0.11 )−1Γτ , i.e. the pair-cascade is effective mostly
when the pair-medium produced by the unscattered seed pho-
tons is optically-thick (τ > 1). As illustrated in Figure 2, a
larger number of pairs and the associated larger optical thick-
ness τ lead to a dimmer emergent emission, hence the pair-
cascade would reduce even more the pair emission.
7. CONCLUSIONS
The above investigation of the broadband emission from
pairs shows that the synchrotron emission from pairs formed
from > 100 MeV afterglow photons can accommodate the
brightest optical counterparts (flashes) that were observed (in
a few cases) during the prompt (GRB) phase, with the fast de-
cay of optical flash pointing to a wind-like circumburst medium
or to a faster decaying fluence of the high-energy photons. The
inverse-Compton emission from pairs may yield an afterglow
brightening, as seldom seen in optical afterglow light-curves.
A brighter Fermi-LAT afterglow implies more pairs that can
form and, thus, a brighter synchrotron and inverse-Compton
emission from those pairs. The light-curve scalings given in Ta-
ble 1 quantify the positive correlation between the synchrotron
pair flux and the high-energy photon fluence Φ. In addition
to the 100 MeV fluence, the pair emission depends also on
the source Lorentz factor Γ and on the magnetic field in the
pair medium. A very high Lorentz factor (Γ >∼ 1000) raises
the threshold energy for pair-formation, reduces the number of
pairs and, implicitly, their emission. A very low Lorentz fac-
tor (Γ <∼ 50) leads to a larger number of pairs, an optically-
thick pair medium, which traps the emission and, consequently,
yields a dim pair flux. Leaving free the source Lorentz factor Γ
and the magnetic field parameter nb, we find that the brightest
optical flash produced by pairs satisfies equation (86), which
gives an upper limit to that optical flash that depends mostly on
the high-energy fluence, is weakly dependent on the epoch of
observation, and, most important, is independent of the source
redshift. We note that the brightest optical flash from pairs for
a given LAT fluence is obtained when the self-absorption fre-
quency is in the optical, thus the intrinsic synchrotron optical
spectrum of the brightest optical flash from pairs should be flat.
Given that a powerful source of high-energy photons is
needed to produce enough pairs that can account for optical
flashes/counterparts and that the source of high energy pho-
tons is, most likely, the forward-shock (Kumar & Barniol Du-
ran 2009), the multiwavelength data of GRB afterglows at early
times should be interpreted/modeled as the sum of synchrotron
and inverse-Compton emissions from the forward-shock, the
reverse-shock, and from pairs, at least in those cases where LAT
measures a a bright high-energy afterglow. To calculate the pair
emission requires three parameters: the magnetic field parame-
ter nb (which is also constrained by fitting the multiwavelength
afterglow data with the reverse/forward-shock emission), the
LAT afterglow fluence Φ (which is the blast-wave emission),
and the source Lorentz factor Γ (which is constrained directly
by the double-shock emission fits at the deceleration time, and
indirectly, through the ratio of blast-wave energy to external
density E/n, after deceleration onset). Thus, the pair emission
dose not entail any new parameters. We note that lower limits
on Γ during the burst phase (pre-deceleration) can be obtained
from the photon-photon opacity of the prompt LAT emission
(e.g. Abdo et al 2009).
The high LAT fluence of GRB 130427A (Ackermann et al
2014), its bright optical counterpart (Vestrand et al 2014), and
broadband coverage would make it a good candidate for such a
study. The low circumburst medium density, inferred by mod-
eling its 10 s–10 d radio, optical, X-ray, and 100 MeV measure-
ments, with synchrotron emission from the reverse and forward
shocks (Laskar et al 2013, Panaitescu et al 2013, Perley et al
2014), implies a very high afterglow Lorentz factor (Γo ∼ 800
at 10 s) and, consequently, a low number of formed pairs, lead-
ing to an optical emission from pairs that is well below the
bright optical flash of GRB 130427A.
The pair emission discussed here offers an alternate explana-
tion (to the reverse-shock) for GRB optical counterparts. Both
”mechanisms” can yield bright optical flashes with a fast de-
cay after the peak. The pair optical flux should be correlated
with the GeV contemporaneous fluence, but that feature may
exist also for reverse-shock flashes, if most of the GeV flux
arises from the reverse-shock. The post-peak decay of the opti-
cal pair flux, given in Table 1 for a ε−2 LAT spectrum, can be
generalized and used to test a pair origin for the optical flash,
although a continuous reverse-shock (i.e. not one that ceases at
the optical peak time, followed by adiabatic cooling of ejecta
electrons) may yield a similar decay index – spectral slope clo-
sure relation. Perhaps, modeling of the broadband afterglow
data will be the best way to disentangle the pair emission and
reverse-shock emissions.
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